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Abstract
This is a survey of the historical development of the Spectral Stan-
dard Model and beyond, starting with the ground breaking paper of
Alain Connes in 1988 where he observed that there is a link between
Higgs fields and finite noncommutative spaces. We present the impor-
tant contributions that helped in the search and identification of the
noncommutative space that characterizes the fine structure of space-
time. The nature and properties of the noncommutative space are
arrived at by independent routes and show the uniqueness of the Spec-
tral Standard Model at low energies and the Pati–Salam unification
model at high energies.
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1 Introduction
In 1988, at the height of the string revolution, there appeared an alternative
way to think about the structure of space-time, based on the breathtaking
progress in the new field of noncommutative geometry. Despite the success
of string theory in incorporating gravity, consistency of the theory depended
on the existence of supersymmetry as well as six or seven extra dimensions.
Enormous amount of research was carried out to obtain the Standard Model
from string compactification, which even up to day did not materialize.
Most compactifications start in ten dimensions with the Yang–Mills gauge
group E8 × E8 requiring a very large number of fields to become massive
at high energies. In a remarkable paper, Alain Connes laid down the blue
print of a new innovative approach to uncover the origin of the Standard
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Model and its symmetries [28]. The foundation of this approach was based
on noncommutative geometry, a field he founded few years before [27] (see
also [29]). Alain realized that by making space slightly noncommutative
by tensoring the four dimensional space with a space of two points, one
gets a parallel universe where the distance between the two sheets is of the
order of 10−16 cm, with the unexpected bonus of having the Higgs scalar
field mediating between them. Although this looked similar to the idea of
Kaluza–Klein, there were essential differences, mainly in avoiding the huge
number of the massive tower of states as well as obtaining the Higgs field
in a representation which is not the adjoint. Soon after this work inspired
similar approaches also based on extending the four-dimensional space to
become noncommutative [43, 44, 45, 46, 23].
In this survey we will review the key developments that allowed noncom-
mutative geometry to deepen our understanding of the structure of space-
time and explain from first principles why and how nature dictates the
existence of the elementary particles and their fundamental interactions. In
Section 2 we will start by reviewing the pioneering work of Alain Connes [28]
introducing the basic mathematical definitions and structures needed to de-
fine a noncommutative space. We summarize the characteristic ingredients
in the construction of the Connes–Lott model and later generalizations by
others. We then consider how to develop the analogue of Riemannian geom-
etry for non-commutative spaces, and to incorporate the gravitational field
in the Connes–Lott model. In Section 3 we present a breakthrough in the de-
velopment of noncommutative geometry with the introduction of the reality
operator which led to the definition of KO dimension of a noncommutative
space. With this it became possible to present the reconstruction theorem
of Riemannian geometry from noncommutative geometry. Section 4 covers
the formulation and applications of the spectral action principle where the
spectrum of the Dirac operator plays a dominant role in the study of non-
commutative spaces. This key development allowed to obtain the dynamics
of the Standard Model coupled to gravity in a non-ambiguous way, and to
study geometric invariants of noncommutative spaces. We then show that
incorporating right-handed neutrinos with the fundamental fermions forces
a change in the algebra of the noncommutative space and the use of real
structures to impose simultaneously the reality and chirality conditions on
fundamental states, singling out the KO dimension to be 6. We show in
detail how the few requirements about KO dimension, Majorana masses for
right-handed neutrinos and the first order condition on the Dirac operator,
singles out the geometry of the Standard Model. In Section 5 we present
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a classification of finite noncommutative spaces of KO dimension 6 show-
ing the almost uniqueness of the Standard spectral model. In Section 6
we give a prescription of constructing spectral models from first principles
and show that the spectral Standard Model agrees with the available ex-
perimental limits, provided that the scale giving mass to the right-handed
neutrinos is promoted to a singlet scalar field. We then show that there ex-
ists a more general case where the first order condition on the Dirac operator
is removed, the singlet scalar fields become part of a larger representation
of the Pati–Salam model. The Standard Model becomes a special point
in the spontaneous breaking of the Pati–Salam symmetries. In Section 6
we show that a different starting point where a Heisenberg like quantiza-
tion condition in terms of the Dirac operator considered as momenta and
two possible Clifford-algebra valued maps from the four-dimensional mani-
fold to two four-spheres S4 result in noncommutative spaces with quantized
volumes. The Pati–Salam model and its various truncations are uniquely
determined as the symmetries of the spaces solving the constraint. Section
7 contains the conclusions and a discussion of possible directions of future
research.
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2 Early days of the spectral Standard Model
The first serious attempt to utilize the ideas of noncommutative geometry
in particle physic was made by Alain Connes in 1988 in his paper ”Essay on
physics and noncommutative geometry” [28]. He observed that it is possible
to change the structure of the (Euclidean) space-time so that the action
functional gives the Weinberg-Salam model. The main emphasis was on the
conceptual understanding of the Higgs field, which he calls, the black box
of the standard model. The qualitative picture was taken to be of a two-
sheeted Euclidean space-time separated by a distance of the order of 10−16
cm. In order to simplify the presentation, and to easily follow the historical
development, we will use a uniform notation, representing old results in a
new format. It is therefore more efficient to start with the basic definitions.
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2.1 Noncommutative spaces and differential calculus
A noncommutative space is determined from the spectral data (A,H, D, γ, J)
where A is an associative algebra with unit element 1 and involution *, H a
Hilbert space carrying a faithful representation pi of the algebra, D is a self-
adjoint operator on H with (D2 + 1)−1 compact, γ is the unitary chirality
operator and J an anti-unitary operator on H, the reality structure. The
operator J was introduced later in 1994 [30].
In the model proposed in 1988, there were ambiguities in defining the
algebra and the action on the Hilbert space. These were rectified in the
1990 paper [33] with John Lott, in what became known as the Connes–Lott
model. In order to appreciate the enormous progress made over the years,
we will summarize this model in a simplified presentation. A more detailed
account can be found in the early reviews [77, 66, 54, 55, 56, 57]. Note
that at around the same time a derivation based differential calculus was
introduced by others in [43, 44, 45, 46] with many similarities to the model
proposed by Connes in 1988.
We first need to first introduce new ingredients. Given a unital involutive
algebra A, the universal differential algebra over A is defined as
Ω∗ (A) =
∞⊕
n=0
Ωn (A)
where we set Ω0 (A) = A, and take
Ωn (A) =
{∑
i
ai0da
i
1da
i
2 · · · dain, aij ∈ A, ∀i, j
}
, n = 1, 2, · · ·
Here da denotes an equivalence class of A, modulo the following relations
d (a · b) = da · b+ a · db, d1 = 0, d2 = 0
An element of Ωn (A) is called a form of degree n. One forms can be con-
sidered as connections on a line bundle whose space of sections is given by
the algebra A. A one form ρ ∈ Ω1 (A) is expressed in the form
ρ =
∑
i
aidbi, ai, bi ∈ A
and since d1 = 0, we may impose the condition
∑
i
aibi = 1, without any loss
in generality. We say that (H, D) is a Dirac K-cycle for A if and only if there
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exists an involutive representation pi of A on H satisfying pi (a)∗ = pi (a∗)
with the properties that pi (a) and [D,pi (a)] are bounded operators on H for
all a ∈ A. The K-cycle is called even if there exists a chirality operator γ
such that γD = −Dγ, γ = γ−1 = γ∗ and [γ, pi (a)] = 0, otherwise it is odd.
The action of pi on Ω∗ (A) is defined as
pi
(∑
i
ai0da
i
1 · · · dain
)
=
∑
i
pi
(
ai0
)
[D,pi
(
ai1
)
] · · · [D,pi (ain)]
The space of auxiliary fields is defined by
Aux = kerpi + d kerpi
where
kerpi =
∞⊕
n=0
{∑
i
ai0da
i
1 · · · dain : pi
(∑
i
ai0da
i
1 · · · dain
)
= 0
}
and
d kerpi =
∞⊕
n=0
{∑
i
dai0da
i
1 · · · dain : pi
(∑
i
ai0da
i
1 · · · dain
)
= 0
}
The integral of a form α ∈ Ω∗ (A) over a noncommutative space of metric
dimension d is defined by setting∫
α = Trw
(
pi (α)D−d
)
where Trw is the Dixmier trace.
2.2 Two-sheeted spacetime
A simple extension of space-time is taken as a product of continuous four-
dimensional manifold times a discrete set of two points. The algebra is
A = A1⊗A2 acting on the Hilbert space H = H1⊗H2 where A1 = C∞ (M)
and A2 = M2 (C) ⊕M1 (C) , the algebra of 2 × 2 and 1 × 1 matrices. The
Hilbert space is that of spinors of the form
L =
(
l
e
)
where l is a doublet and e is a singlet. The spinor L satisfies the chirality
condition γ5 ⊗ Γ1L = L where Γ1 = diag (12,−1) is a grading operator.
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From this we deduce that l is a left-handed spinor and e is right handed,
and we thus write l =
(
νL
eL
)
and e = eR. The Dirac operator is given by
D = D1 ⊗ 1 + γ5 ⊗D2 where D1 = γµ∂µ and D2 is the Dirac operator on
A2 such that
Dl =
(
γµ∂µ ⊗ 12 ⊗ 13 γ5 ⊗M12 ⊗ k
γ5 ⊗M21 ⊗ k∗ γµ∂µ ⊗ 1⊗ 13
)
where M21 = M
∗
12 and k is a 3×3 family mixing matrix representing Yukawa
couplings for the leptons. The 1× 2 matrix M12 turns out to be the vev of
the Higgs field and is taken as M12 = µ
(
0
1
)
= H0. The elements a ∈ A
have the representation a =
(
a1 0
0 a2
)
where a1, a2 are 2 × 2 and 1 × 1
unitary valued functions. A quick calculation shows that the self-adjoint
one-form ρ has the representation
pi1 (ρ) =
(
A1 ⊗ 13 γ5 ⊗H ⊗ k
γ5 ⊗H∗ ⊗ k∗ A2 ⊗ 13
)
where
A1 = γ
µ
∑
i
ai1∂µb
i
1, A2 = γ
µ
∑
i
ai2∂µb
i
2,
H = H0 +
∑
i
ai1H0b
i
2.
The quarks are introduced by taking for the finite space a bimodule structure
relating two algebras A and B where the algebra B is taken to be M1 (C)⊕
M3 (C) commuting with the action of A. In addition, the mass matrices in
the Dirac operator are taken to be zero when acting on elements of B. The
one-form η ∈ Ω1 (B) has the simple form B1diag (12, 1) where B1 is a gauge
field associated with M1 (C) . The Hilbert space for the quarks is
Q =
 qLuR
dR
 , qL = ( uLdL
)
The representation of a ∈ A is a→ (a1, a2, a2) where a1 and a2 are a 2× 2
and 1×1 complex valued functions. The Dirac operator acting on the quark
Hilbert space is
Dq =
 γµ (∂µ + · · · )⊗ 12 ⊗ 13 γ5 ⊗M12 ⊗ k′ γ5 ⊗ M˜12 ⊗ k′′γ5 ⊗M∗12 ⊗ k′∗ γµ (∂µ + · · · )⊗ 13 0
γ5 ⊗ M˜∗12 ⊗ k
′′∗ 0 γµ (∂µ + · · · )⊗ 13

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where k′ and k′′ are 3× 3 family mixing matrices and M˜12 = µ
(
1
0
)
. The
one form in Ω1 (A) has then the representation
piq (ρ) =
 A1 ⊗ 13 γ5 ⊗H ⊗ k′ γ5 ⊗ H˜ ⊗ k′′γ5 ⊗H∗ ⊗ k′∗ A2 ⊗ 13 0
γ5 ⊗ H˜∗ ⊗ k′′∗ 0 A2 ⊗ 13

where H˜a = εabH
b. When acting on the algebra B the Dirac operator has
zero mass matrices and the one-form η in Ω1 (B) has the representation
piq (η) = B2diag (12, 1) where B2 is the gauge field associated with M3 (C) .
Imposing the unimodularity condition on the algebras A and B would then
relate the U (1) factors in both algebras so that tr (A1) = 0, A2 = B1 =
−tr (B2) ≡ i2g1B. With these we can then write
A1 = − i
2
g2σ
aAa
B2 = − i
6
g1B − i
2
g3V
iλi
where g1, g2 and g3 are the U (1) , SU (2) and SU (3) gauge coupling con-
stants, σa and λi are the Pauli and Gell-Mann matrices respectively. The
fermionic actions for the leptons and quarks are then given by
〈L, (D + ρ+ η)L〉 =
∫
d4x
√
g
(
L (Dl + pil (ρ) + pil (η))L
)
〈Q, (D + ρ+ η)Q〉 =
∫
d4x
√
g
(
Q (Dq + piq (ρ) + piq (η))Q
)
These terms can be easily checked to reproduced all the fermionic terms of
the Standard Model.
The bosonic action is the sum of the square of curvatures in both the
lepton and quark sectors. These are given by
Il = Tr
(
Cl (θρ + θη)
2D−4l
)
Iq = Tr
(
Cq (θρ + θη)
2D−4q
)
where
θρ ≡ dρ+ ρ2
is the curvature of ρ, and Cl and Cq are constant elements of the algebra.
Since the representation pi has a kernel, the auxiliary fields must be projected
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out. This step mainly affects the potential. After some algebra one can show
that the bosonic action given above reproduces all the bosonic interactions
of the Standard Model with the same number of parameters. If one assumes
that Cl and Cq belong to the center of the algebra, then one can get fixed
values for the top quark mass and Higgs mass. The main advantage of
the noncommutative construction of the Standard Model is that one gets a
geometrical understanding of the origin of the Higgs field and a unification
of the gauge and Higgs sectors. One sees that the Higgs fields are the
components of the one form along discrete directions.
2.3 Constructions beyond the Standard Model
The early constructions of the Standard Model provided encouragements
to look further into noncommutative spaces. The construction was also
complicated with some ambiguities such as the independence of the lepton
and quark sectors, the construction of the Higgs potential and projecting
out the auxiliary fields. It was then natural to ask whether it is possible
to go beyond the Standard Model. In particle physics the route taken was
to consider larger groups such as SU (5) or SO(10) which contains U (1)×
SU (2) × SU (3) as a subgroup. The main advantage of GUT is that the
fermionic fields are unified in one or two representations, the most attractive
possibility being SO(10) where the spinor representation 16s contains all the
known fermions in addition to the right-handed neutrino. The simplicity
in the fermionic sector did not make the theory more predictive because
of the arbitrariness of the Higgs sector. There are many possible Higgs
representations that can break the symmetry spontaneously from SO(10) to
SU (3)×U (1) . In the noncommutative construction the Higgs sector is more
constrained which was taken as an encouragement to explore the possibility
of considering larger matrix algebras. As an example if one arranges the
leptons in the form L =
(
lL
lR
)
where l =
(
ν
e
)
then the corresponding
algebra will be M2 (C) ⊕M2 (C) . A natural possibility is then to consider
a discrete space of four points and where the fermions are arranged in the
format ψ =

lL
lR
lcL
lcR
 and the representation pi acting on A is given by
pi (a) = diag (a1, a2, a1, a2) where a1, a2 are 2 × 2 complex matrices. The
resulting model has SU (2)L × SU (2)R × U (1)B−L with the Higgs fields
in the representations (2, 2) , (3, 1) + (1, 3) of SU (2)L × SU (2)R . We can
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summarize the steps needed to construct noncommutative particle physics
models. First we specify the fermion representations then we choose the
number of discrete points and the symmetry between them. From this we
deduce the appropriate algebra and the map pi acting on the Hilbert space
of spinors. Finally we write down the Dirac operator acting on elements
of the algebra and choose the mass matrices to correspond to the desired
vacuum of the Higgs fields.
To illustrate these steps consider the chiral space-time spinors P+ψ to
be in the 16s representation of SO(10), where P+ is the SO(10) chirality
operator, and the number of discrete points to be four. The Hilbert space
is taken to be Ψ =

P+ψ
P+ψ
P−ψc
P−ψc
 where ψc = BCψT , C being the charge
conjugation matrix while B is the SO (10) conjugation matrix. The finite
algebra is taken to be A2 = P+ (Cliff SO (10))P+, and the finite Hilbert
space H2 = C32. Let pi0 denote the representation of the algebra A on
the Hilbert space H and let pi0 denote the anti representation defined by
pi0 (a) = Bpi0 (a)B
−1. We then define pi (a) = pi0 (a)⊕pi0 (a)⊕pi0 (a)⊕pi0 (a) .
The Dirac operator is taken to be
γµ∂µ ⊗ 132 ⊗ 13 γ5 ⊗M12 ⊗K12 γ5 ⊗M13 ⊗K13 γ5 ⊗M14 ⊗K14
γ5 ⊗M∗12 ⊗K∗12 γµ∂µ ⊗ 132 ⊗ 13 γ5 ⊗M23 ⊗K23 γ5 ⊗M24 ⊗K24
γ5 ⊗M∗13 ⊗K∗13 γ5 ⊗M∗23 ⊗K∗23 γµ∂µ ⊗ 132 ⊗ 13 γ5 ⊗M34 ⊗K34
γ5 ⊗M∗14 ⊗K∗14 γ5 ⊗M∗24 ⊗K∗24 γ5 ⊗M∗34 ⊗K∗34 γµ∂µ ⊗ 132 ⊗ 13

where the Kmn are 3 × 3 family mixing matrices commuting with pi (a) .
We may impose the exchange symmetries 1 ↔ 2 and 3 ↔ 4 so that M12 =
M∗12 = M0, M13 = M14 = M23 = M24 = N0, M34 = M∗34 = BM0B−1.
Computing pi (ρ) we get
pi (ρ) =

A γ5MK12 γ5NK13 γ5NK14
γ5MK∗12 A γ5NK23 γ5NK24
γ5N ∗K∗13 γ5N ∗K∗23 BAB−1 γ5BMB−1K34
γ5N ∗K∗14 γ5N ∗K∗24 γ5BMB−1K∗34 BAB−1

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where
A = P+
∑
i
aiγµ∂µb
iP+
M+M0 = P+
∑
i
aiM0biP+
N +N0 = P+
∑
i
aiN0BbiB−1P−
One sees immediately that the Higgs fieldsM and N are in the 16s×16s and
16s×16s representations. Equating the action of A on ψ and ψc will reduce
it to an SO (10) gauge field. SpecifyingM0 and N0 determines the breaking
pattern of SO (10) . One can then proceed to construct the bosonic sector
and project out the auxiliary fields to determine the potential. There are
very limited number of models one can construct. These models, however,
will suffer the same problems encountered in the GUT construction, mainly
that of low unification scale of 1014 Gev implying fast rate of proton decay
which is ruled out experimentally.
2.4 Coupling matter to gravity
The dynamics of the gravitational force is based on Riemannian geometry. It
is therefore natural to study the nature of the gravitational field in noncom-
mutative geometry. The original attempt [24, 25] was based on generalizing
the basic notions of Riemannian geometry, notably the theory of linear con-
nections on differential forms. (Note that an alternative route that takes
vector fields as a starting point ends with a derivation based differential
calculus as in [43] (cf. [65]). In line with the Connes–Lott model, we will
instead take differential forms as our starting point. For more details we
also refer to the exposition in [60, Sect. 10.3]).
First one defines the metric as an inner product on a cotangent space.
Then one shows that every cycle over A yields a notion of cotangent bun-
dle associated with A and a Riemannian metric on the cotangent bundle
Ω1D (A) . With the connection ∇ the Riemann curvature of ∇ on Ω1D (A) is
defined by R (∇) := −∇2 and the torsion by T = d − m ◦ ∇ where m is
the tensor product. Requiring ∇ to be unitary and the torsion to vanish we
obtain the Levi–Civita connection. If Ω1D (A) is a finitely generated module,
then it admits a basis eA, A = 1, 2, · · · , N, and the connection ωAB ∈ Ω1D (A)
is defined by ∇eA = −ωAB ⊗ eB. The components of the torsion T (∇) are
defined by TA = T (∇) eA then TA ∈ Ω2D (A) is given by
TA = deA + ωABe
B
11
Similarly, components of the curvature RAB ∈ Ω2D (A) satisfy the defining
property that R (∇) eA = RAB ⊗ eB so that
RAB = dω
A
B + ω
A
Cω
C
B .
The analogue of the Einstein–Hilbert action is then
I (∇) := κ−2 〈RABeB, eA〉
where κ−1 is the Planck scale. Computing this action for the product space
M4 × Z2 one finds that
I (∇) = 2
∫
M
d4x
√
g
(
κ−2r − 2∂µσ∂µσ
)
where r is the scalar curvature of the Levi–Civita connection of the Rieman-
nian manifold M4 coupled to a scalar field σ. Applying this construction to
the Connes–Lott model is rather involved because the two sheets are not
treated symmetrically, being associated with two different algebras. The
complication arise because the projective module is not free and the basis
eA is constrained. The Einstein–Hilbert action in this case is given by
I (∇) = 2
∫
M
d4x
√
g
(
κ−2
3
2
r − 2 (3 + λ) ∂µσ∂µσ + c (λ) e−2σ
)
where λ = Tr (kk∗)2 − 1. To understand the significance of the field σ, we
note that by examining the Dirac operator one finds that the field φ = e−κσ
now replaces the weak scale. Thus quantum corrections to the classical
potential will depend on σ, thus the vev of σ could be determined from the
minimization equations.
3 The spectral action principle
Despite the success of the Connes–Lott model and the generalizations that
followed in giving a geometrical meaning to the Higgs field and unifying it
with the gauge fields, it was felt that the construction is not satisfactory. The
first unpleasant feature was the use of the bimodule structure to introduce
the SU (3) symmetry and the second is the use of unimodularity condition
to get the correct hypercharge assignments to the particles. Another ma-
jor problem was the existence of mirror fermions as a consequence of the
fact that the conjugation operator on fermions gives independent fields. In
addition, there was arbitrariness in the construction of the potential in the
bosonic sector associated with the step of eliminating the auxiliary fields.
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3.1 Real structures on spectral triples
The first breakthrough came in 1995 with the publication of Alain Connes’
paper “Noncommutative geometry and reality” [30]. In this paper, the no-
tion of real structure is introduced, motivated by Atiyah’s KR theory and
Tomita’s involution operator J. A hint for the necessity of the reality opera-
tor can be taken from physics. We have seen that space-time spinors, which
are elements of the Hilbert space satisfy a chirality condition. The charge
conjugation operator, when acting on these spinors, produces a conjugate
element, which in general is independent. It is possible to replace the chi-
rality condition, with a reality one, known as the Majorana condition which
equates the two. Imposing both conditions, chirality and reality, simulta-
neously can only occur in certain dimensions. The action of the anti-linear
isometry J on the algebra A satisfies the commutation relation [a, bo] = 0,
∀a, b ∈ A where
bo = Jb∗J−1, ∀b ∈ A (1)
so that bo ∈ Ao. This gives a bimodule, using the representation of A⊗Ao,
given by
a⊗ bo → aJb∗J−1, ∀a, b ∈ A (2)
We define the fundamental class µ of the noncommutative space as a class
in the KR-homology of the algebra A⊗Ao having the involution
τ (a⊗ bo) = b∗ ⊗ (a∗)o , ∀a, b ∈ A (3)
The KR-homology cycle implements the involution τ given by
τ (w) = JwJ−1, ∀w ∈ A⊗Ao (4)
These imply that the KR-homology is periodic with period 8 and the di-
mension n modulo 8 is determined from the commutation rules
J2 = ε, JD = ε′DJ, Jγ = ε′′γJ (5)
where ε, ε′, ε′′ ∈ {−1, 1} are given as function of n modulo 8 according to
the table
n 0 1 2 3 4 5 6 7
ε 1 1 −1 −1 −1 −1 1 1
ε′ 1 −1 1 1 1 −1 1 1
ε′′ 1 −1 1 −1
(6)
It is not surprising that this table agrees with the one obtained by classifying
in which dimensions a spinor obey the Majorana and Weyl conditions. The
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intersection form K∗ (A)×K∗ (A)→ Z is obtained from the Fredholm index
of D in K∗ (A⊗Ao) . Using the Kasparov intersection product, Poincare
duality is formulated in terms of the invertibility of µ and that D is an
operator of order one implies the condition
[[D, a] , bo] = 0, ∀a, b ∈ A (7)
Next we consider automorphisms of the algebra A denoted by Aut (A) . This
comprises both of inner and outer automorphisms. Inner automorphisms
Int (A) is a normal subgroup of Aut (A) defined by
α (f) = ufu∗, ∀f ∈ A, u u∗ = u∗u = 1 (8)
The group Aut+ (A) of automorphisms of the involutive algebra A are im-
plemented by a unitary operator U in H commuting with J satisfying
α (x) = UxU−1 ∀x ∈ A (9)
For Riemannian manifolds M , this plays the role of the group of diffeomor-
phisms Diff+ (M) , which preserves the K-homology fundamental class of
M. Let E be a finite projective, hermitian right A-module, and define the
algebra B = End (A) as the Morita equivalence of the algebra A with a
hermitian connection ∇ on E defined as the linear map ∇ : E → E⊗AΩ1D
satisfying
∇ (ζa) = (∇ζ) a+ ζ ⊗ da, ∀ζ ∈ E , a ∈ A
d (ζ, η) = (ζ,∇η)− (∇ζ, η) , ∀ζ, η ∈ E
where da = [D, a] and Ω1D is the bimodule of operators of the form
A =
∑
i
ai [D, bi] , ai, bi ∈ A (10)
Since any algebra is Morita equivalent to itself with E = A, applying the
construction given above yields the inner deformation of the spectral ge-
ometry. The unitary equivalence is implemented by the representation
u → U˜ = u (JuJ−1) = u (uo)∗ so that the Dirac operator that includes
inner fluctuations
DA = D +A+ JAJ
−1 (11)
where A = A∗ transforms as DA → U˜DAU˜−1 provided that
A→ uAu∗ + u [D,u∗] (12)
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This will ensure that the inner product
(Ψ, DAΨ) (13)
is invariant under the transformation Ψ → U˜Ψ. This expression will then
take care of all fermionic interactions which, as will be seen in the next
section, removes the arbitrariness in specifying the action of the connection
on the Hilbert space.
3.2 The spectral action principle
The next breakthrough came a year later in 1996 in the work of Chamsed-
dine and Connes entitled “The spectral action principle” [12]. The basic
observation is that for a noncommutative space defined by spectral data,
the emphasis is shifted from the coordinates x of a geometric space to the
spectrum Σ @ R of the operator D. We postulate the following hypothesis
The physical action depends only on Σ (14)
The existence of Riemannian manifolds which are isospectral but not iso-
metric shows that the spectral action principle is stronger than the usual
diffeomorphism invariance. In the usual Riemannian case the group Diff (M)
of diffeomorphisms of M is canonically isomorphic to the group Aut (A) of
automorphisms of the algebra A = C∞ (M) . To each ϕ ∈ Diff (M) one
associates the algebra preserving map αϕ : A → A given by
αϕ (f) = f ◦ ϕ−1 ∀f ∈ C∞ (M) = A (15)
The prescription to determine the bosonic action with some cutoff energy
scale Λ is to first replace the Hilbert space H by the subspace HΛ defined
by
HΛ = rangeχ
(
D
Λ
)
(16)
where χ is a suitable smooth positive function, restricting both D and A to
this subspace maintaining the commutation relations for the algebra. This
procedure is superior to the lattice approximation because it does respect
the geometric symmetry group. The spectal action functional is then given
by the
Trχ
(
D
Λ
)
.
For a noncommutative space which is a tensor product of a continuous man-
ifold times a discrete space, the functional Trχ
(
D
Λ
)
can be expanded in an
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asymptotic series in Λ, rendering the computation amenable to a heat ker-
nel expansion. This procedure will be illustrated in the next section. More
general methods to analyze the spectral action have also been developed,
see [50] for an early result and also the recent book [48]. An interpretation
of the spectral action as the von Neumann entropy of a second-quantized
spectral triple has been found recently in [20] (cf. [42]).
To summarize, the breakthroughs carried out in the short period 1995-
1996, defining the reality operator J and developing the spectral action
principle will allow to remove the ambiguities encountered before in the
construction of the noncommutative spectral Standard Model.
4 The spectral Standard Model
At the time that the spectral action was formulated, it was clear that this
principle forms a unifying framework for gravity and particle physics of the
Standard Model. As said, this led to much activity (cf. [69]) in the years that
followed. Also shortcomings of the approach were pointed out quite quickly,
such as the notorious fermion-doubling problem [63, 52]. This doubling —or
actually, quadrupling— was due to the incorporation of left-right, particle-
anti-particle degrees of freedom both in the continuum spinor space and in
the finite noncommutative space. At the technical level this was a crucial
starting point, allowing for a product geometry to describe gravity coupled
to the Standard Model.
Nevertheless, it was a somewhat disturbing feature which, together with
the apparent arbitrariness of the choice of a finite geometry and the ab-
scence of neutrino mixing in the model, led Connes to eventually resolve
these problems in [31]. At the same time John Barrett [4] arrived at the
same conclusion (see also the recent uniqueness result [6]), even though his
motivation came from the desire to have noncommutative geometry with a
Lorentzian signature.
The crucial insight in both of these works is that one should allow for
a KO-dimension for the finite space F which is different from the metric
dimension (which is zero). More specifically, the KO-dimension of the finite
space should be 6 (modulo 8), so that the product of the continuum M with
F is 10 modulo 8. The precise structure of the spectral Standard Model (see
Section 4.2) is then best understood using the classification of all irreducible
finite noncommutative geometries of KO-dimension 6 which we now briefly
recall.
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4.1 Classification of irreducible geometries
In [14] Chamseddine and Connes classified irreducible finite real spectral
triples of KO-dimension 6. This lead to a remarkably concise list of spectral
triples, based on the matrix algebras MN (C) ⊕ MN (C) for some N . We
remark that earlier classification results were obtained [58, 68] which were
also exploited in a search Beyond the Standard Model (see Remark 5 below).
Definition 1. A finite real spectral triple (A,H,D; J, γ) is called irreducible
if the triple (A,H, J) is irreducible. More precisely, we demand that:
1. The representations of A and J in H are irreducible;
2. The action of A on H has a separating vector.
We will prove the main result of [14] using an alternative approach which
is based on [75, Sect. 3.4].
Theorem 2. Let (A,H,D; J, γ) be an irreducible finite real spectral triple
of KO-dimension 6. Then there exists a positive integer N such that A '
MN (C)⊕MN (C).
Proof. Let (A,H,D; J, γ) be an arbitrary finite real spectral triple. We may
then decompose
A =
N⊕
i=1
Mni(C), H =
N⊕
i,j=1
Cni ⊗ (Cnj )◦ ⊗ Vij ,
with Vij corresponding to the multiplicities as before. Now each Cni ⊗ Cnj
is an irreducible representation of A, but in order for H to support a real
structure J : H → H we need both Cni ⊗ (Cnj )◦ and Cnj ⊗ (Cni)◦ to be
present in H. Moreover, an old result of Wigner [78] for an anti-unitary
operator with J2 = 1 assures that already with multiplicities dimVij = 1
there exists such a real structure. Hence, the irreducibility condition (1)
above yields
H = Cni ⊗ (Cnj )◦ ⊕ Cnj ⊗ (Cni)◦,
for some i, j ∈ {1, . . . , N}. Then, let us consider condition (2) on the exis-
tence of a separating vector. Note first that the representation of A in H
is faithful only if A = Mni(C)⊕Mnj (C). Second, the stronger condition of
a separating vector ξ then implies ni = nj , as it is equivalent to A
′ξ = H
for the commutant A′ of A in H. Namely, since A′ = Mnj (C) ⊕Mni(C)
with dimA′ = n2i + n
2
j , and dimH = 2ninj we find the desired equality
ni = nj .
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With the complex finite-dimensional algebras A given as a direct sum
MN (C)⊕MN (C),1 the additional demand that H carries a symplectic struc-
ture I2 = −1 yields real algebras of which A is the complexification. We see
that this requires N = 2k so that one naturally considers triples (A,H, J)
for which
A = Mk(H)⊕M2k(C); H = C2(2k)2 . (17)
4.2 Noncommutative geometry of the Standard Model
The above classification of irreducible finite geometries of KO-dimension 6
forms the starting point for the derivation of the Standard Model from a
noncommutative manifold [17]. Hence, it is based on the matrix algebra
MN (C) ⊕ MN (C) for N ≥ 1. Let us make the following two additional
requirements on the irreducible finite geometry (A,HF , DF ; JF , γF ):
1. The finite-dimensional Hilbert space HF carries a symplectic structure
I2 = −1;
2. the grading γF induces a non-trivial grading on A, by mapping
a 7→ γFaγF ,
and selects an even subalgebra Aev ⊂ A consisting of elements that
commute with γF .
But the first demand sets A = Mk(H)⊕M2k(C), represented on the Hilbert
space C2(2k)2 . The second requirement sets k ≥ 2; we will take the simplest
k = 2 so that HF = C32. 2 Indeed, this allows for a γF such that
Aev = HR ⊕HL ⊕M4(C),
where HR and HL are two copies (referred to as right and left) of the quater-
nions; they are the diagonal of M2(H) ⊂ A. The Hilbert space can then be
decomposed according to the defining representations of Aev,
HF = (C2R ⊕ C2L)⊗ (C4)◦ ⊕ C4 ⊗ ((C2R)◦ ⊕ (C2L)◦). (18)
1The case N = 1 was exploited successfully in [47] for a noncommutative description
of abelian gauge theories.
2Also other algebras that appear in the classification of irreducible geometries of KO-
dimension have been considered in the literature: besides the case N = 4 that we consider
here the simplest case N = 1 is relevant for the noncommutative geometric description of
quantum electrodynamics [47] and the case N = 8 leads to the ‘grand algebra’ of [40, 38].
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According to this direct sum decomposition, we write
DF =
(
S T ∗
T S
)
(19)
Moreover, JF is the anti-unitary operator that flips the two 16-dimensional
components in Equation (18).
The key result is that if we assume that T is non-trivial, then the first-
order condition selects the maximal subalgebra of the Standard Model, that
is to say, AF = C⊕H⊕M3(C).
Proposition 3. [17, Prop. 2.11] Up to ∗-automorphisms of Aev, there is a
unique ∗-subalgebra AF ⊂ Aev of maximal dimension that allows T 6= 0 in
(19). It is given by
AF =
{(
qλ, q,
(
q 0
0 m
))
: λ ∈ C, q ∈ HL,m ∈M3(C)
}
⊂ HR⊕HL⊕M4(C),
where λ 7→ qλ is the embedding of C into H, with
qλ =
(
λ 0
0 λ
)
.
Consequently, AF ' C⊕H⊕M3(C).
The restriction of the representation of A on HF to the subalgebra AF
gives a decomposition of HF into irreducible (left and right) representations
of C, HL and M3(C). For instance,
(C2R ⊕ C2L)⊗ (C4)◦  (C⊕ C⊕ C2L)⊗
(
(C)◦ ⊕ (C3)◦) . (20)
and similarly for C4 ⊗ ((C2R)◦ ⊕ (C2L)◦). In order to connect to the physics
of the Standard Model, let us introduce an orthonormal basis for HF that
can be recognized as the fermionic particle content of the Standard Model,
and subsequently write the representation of AF in terms of this basis.
We let the subspace of HF displayed in Equation (20) be represented by
basis vectors {νR, eR, (νL, eL)} of the so-called lepton space Hl and basis vec-
tors {uR, dR, (uL, dL)} of the quark space Hq. Their reflections with respect
to JF are the anti-lepton space Hl and the anti-quark space Hq, spanned
by {νR, eR, (νL, eL)} and {uR, dR, (uL, dL)}, respectively. The three colors
of the quarks are given by a tensor factor C3 and when we take into ac-
count three generations of fermions and anti-fermions by tripling the above
finite-dimensional Hilbert space we obtain
HF :=
(
Hl ⊕Hl ⊕Hq ⊕Hq
)⊕3
.
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Note that Hl = C4, Hq = C4 ⊗ C3, Hl = C4, and Hq = C4 ⊗ C3.
An element a = (λ, q,m) ∈ AF acts on the space of leptons Hl as qλ⊕ q,
and acts on the space of quarks Hq as (qλ ⊕ q)⊗ 13. For the action of a on
an anti-lepton l ∈ Hl we have al = λ14l, and on an anti-quark q ∈ Hq we
have aq = (14 ⊗m)q.
The Z2-grading γF is such that left-handed particles have eigenvalue +1
and right-handed particles have eigenvalue −1. The anti-linear operator JF
interchanges particles with their anti-particles, so JF f = f and JF f = f ,
with f a lepton or quark.
The first indication that the subalgebra AF is relevant for the Standard
Model —to say the least— comes from the fact that the Standard Model
gauge group can be derived from the unitaries in AF . We restrict to the
unimodular gauge group,
SU(AF ) = {u ∈ AF : u∗u = uu∗ = 1,det(u) = 1}
where det is the determinant of the action of u in HF . It then follows that,
up to a finite abelian group we have
SU(AF ) ∼ U(1)× SU(2)× SU(3)
and the hypercharges are derived from the unimodularity condition to be
the usual ones:
Particle νR eR νL eL uR dR uL dL
Hypercharge 0 −2 −1 −1 43 −23 13 13
Let us now turn to the form of the finite Dirac operator, and see what we
can say about the components of the matrix DF as displayed in (19). Recall
that we are looking for a self-adjoint operator DF in HF that commutes
with JF , anti-commutes with γF , and fulfills the first-order conditions with
resepct to AF :
[[D, a], JbJ−1] = 0; (a, b ∈ AF ).
We also require that DF commutes with the subalgebra CF = {(λ, λ, 0)} ⊂
AF which physically speaking corresponds to the fact that the photon re-
mains massless. Then it turns out [31, Theorem 1] (see also [17, Theorem
2.21]) that any DF that satisfies these assumptions is of the following form:
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in terms of the decomposition of HF in particle (H
⊕3
l ⊕ H⊕3q ) and anti-
particles (H⊕3
l
⊕H⊕3q ) the operator S is
Sl := S|H⊕3l =

0 0 Y ∗ν 0
0 0 0 Y ∗e
Yν 0 0 0
0 Ye 0 0
 , (21)
Sq ⊗ 13 := S|H⊕3q =

0 0 Y ∗u 0
0 0 0 Y ∗d
Yu 0 0 0
0 Yd 0 0
⊗ 13, (22)
where Yν , Ye, Yu and Yd are some 3 × 3 matrices acting on the three gen-
erations, and 13 acting on the three colors of the quarks. The symmetric
operator T only acts on the right-handed (anti)neutrinos, so it is given by
TνR = YRνR, for a certain 3 × 3 symmetric matrix YR, and Tf = 0 for
all other fermions f 6= νR. Note that νR here stands for a vector with 3
components for the number of generations.
The above classification result shows that the Dirac operators DF give
all the required features, such as mixing matrices for quarks and leptons,
unbroken color and the see-saw mechanism for right-handed neutrinos. Let
us illustrate the latter in some more detail. The mass matrix restricted to
the subspace of HF with basis {νL, νR, νL, νR} is given by
0 Y ∗ν Y ∗R 0
Yν 0 0 0
YR 0 0 Y
∗
ν
0 0 Y ν 0
 .
Suppose we consider only one generation, so that Yµ = mν and YR = mR
are just scalars. The eigenvalues of the above mass matrix are then given
by
±1
2
mR ± 1
2
√
mR2 + 4mν2.
If we assume that mν  mR, then these eigenvalues are approximated by
±mR and ±mν2mR . This means that there is a heavy neutrino, for which the
Dirac mass mν may be neglected, so that its mass is given by the Majorana
mass mR. However, there is also a light neutrino, for which the Dirac and
Majorana terms conspire to yield a mass mν
2
mR
, which is in fact much smaller
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than the Dirac mass mν . This is called the seesaw mechanism. Thus, even
though the observed masses for these neutrinos may be very small, they
might still have large Dirac masses (or Yukawa couplings).
Remark 4. Of course, in the physical applications one chooses Yν , Ye to
be the Yukawa mass matrices and YR is the Majorana mass matrix. There
has been searches for additional conditions to be satisfied by the spectral
triple (AF , HF , DF ) to further constrain the form of DF , see for instance
[11, 8, 59, 36, 37].
4.3 The gauge and scalar fields as inner fluctuations
We here derive the precise form of internal fluctuations Aµ for the above
spectral triple of the Standard Model (following [17, Sect. 3.5] or [75, Sect.
11.5]).
Take two elements a = (λ, q,m) and b = (λ′, q′,m′) of the algebra A =
C∞(C ⊕ H ⊕M3(C)). According to the representation of AF on HF , the
inner fluctuations Aµ = −ia∂µb decompose as
Λµ := −iλ∂µλ′; Λ′µ := −iλ∂µλ′
on νR and eR, respectively, and as
Qµ := −iq∂µq′; V ′µ := −im∂µm′
acting on (νl, eL) and Hq, respectively. On all other components of HF
the gauge field Aµ acts as zero. Imposing the hermiticity Λµ = Λ
∗
µ implies
Λµ ∈ R, and also automatically yields Λ′µ = −Λµ. Furthermore, Qµ = Q∗µ
implies that Qµ is a real-linear combination of the Pauli matrices, which
span i su(2). Finally, the condition that V ′µ be hermitian yields V ′µ ∈ i u(3),
so V ′µ is a U(3) gauge field. As mentioned above, we need to impose the
unimodularity condition to obtain an SU(3) gauge field. Hence, we require
that the trace of the gauge field Aµ over HF vanishes, and we obtain
Tr|Hl
(
Λµ14
)
+ Tr|Hq
(
14 ⊗ V ′µ
)
= 0 =⇒ Tr(V ′µ) = −Λµ.
Therefore, we can define a traceless SU(3) gauge field Vµ by V µ := −V ′µ −
1
3Λµ. The action of the gauge field Bµ = Aµ − JFAµJ−1F on the fermions is
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then given by
Bµ|Hl =
0 00 −2Λµ
Qµ − Λµ12
 ,
Bµ|Hq =
43Λµ13 + Vµ 00 −23Λµ13 + Vµ
(Qµ +
1
3Λµ12)⊗ 13 + 12 ⊗ Vµ
 .
(23)
for some U(1) gauge field Λµ, an SU(2) gauge field Qµ and an SU(3) gauge
field Vµ.
Note that the coefficients in front of Λµ in the above formulas are pre-
cisely the aforementioned (and correct!) hypercharges of the corresponding
particles.
Next, let us turn to the scalar field φ, which is given by
φ|Hl =
(
0 Y ∗
Y 0
)
, φ|Hq =
(
0 X∗
X 0
)
⊗ 13, φ|Hl = 0, φ|Hq = 0, (24)
where we now have, for complex fields φ1, φ2,
Y =
(
Yνφ1 −Yeφ2
Yνφ2 Yeφ1
)
, X =
(
Yuφ1 −Ydφ2
Yuφ2 Ydφ1
)
.
The scalar field Φ is then given by
Φ = DF +
(
φ 0
0 0
)
+ JF
(
φ 0
0 0
)
J∗F =
(
S + φ T ∗
T (S + φ)
)
. (25)
Finally, one can compute that the action of the gauge group SU(AF ) by
conjugation on the fluctuated Dirac operator
Dω = D ⊗ 1 + γµ ⊗Bµ + γM ⊗ Φ
is implemented by
Λµ 7→ Λµ − iλ∂µλ, Qµ 7→ qQµq∗ − iq∂µq∗, V µ 7→ mV µm∗ − im∂µm∗,
H 7→ λ qH,
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for λ ∈ C∞(M,U(1)), q ∈ C∞(M,SU(2)) and m ∈ C∞(M,SU(3)) and we
have written the Higgs doublet as
H :=
(
φ1 + 1
φ2
)
For the detailed computation we refer to [17, Sect. 3.5] or [75, Prop. 11.5].
Summarizing, the gauge fields derived take values in the Lie algebra
u(1)⊕ su(2)⊕ su(3) and transform according to the usual Standard Model
gauge transformations. The scalar field φ transforms as the Standard Model
Higgs field in the defining representation of SU(2), with hypercharge −1.
4.4 Spectral action
The spectral action for the above spectral Standard Model has been com-
puted in full detail in [17, Section 4.2] and confirmed in e.g. [75, Theorem
11.10]. Since it would lie beyond the scope of the present review, we refrain
from repeating this computation. Instead, we summarize the main result,
which is that the Lagrangian derived from the spectral action is
SB =
∫ (
48χ4Λ
4
pi2
− cχ2Λ
2
pi2
+
dχ(0)
4pi2
+
(
cχ(0)
24pi2
− 4χ2Λ
2
pi2
)
s− 3χ(0)
10pi2
(Cµνρσ)
2
+
1
4
YµνY
µν +
1
4
W aµνW
µν,a +
1
4
GiµνG
µν,i +
bpi2
2a2χ(0)
|H|4
− 2aχ2Λ
2 − eχ(0)
aχ(0)
|H|2 + 1
12
s|H|2 + 1
2
|DµH|2
)
√
gd4x,
where χj =
∫∞
0 χ(v)v
j−1dv are the moments of the function χ, j > 0,
s = −R is the scalar curvature, Yµν ,Wµν and Gµν are the field strengths of
Yµ, Qµ and Vµ, respectively and the covariant derivative DµH is given by
DµH = ∂µH +
1
2
ig2W
a
µσ
aH − 1
2
ig1YµH. (26)
Moreover, we have defined the following constants
a = Tr
(
Y ∗ν Yν + Y
∗
e Ye + 3Y
∗
u Yu + 3Y
∗
d Yd
)
,
b = Tr
(
(Y ∗ν Yν)
2 + (Y ∗e Ye)
2 + 3(Y ∗u Yu)
2 + 3(Y ∗d Yd)
2
)
,
c = Tr
(
Y ∗RYR
)
, (27)
d = Tr
(
(Y ∗RYR)
2
)
,
e = Tr
(
Y ∗RYRY
∗
ν Yν
)
.
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The normalization of the kinetic terms imposes a relation between the cou-
pling constants g1, g2, g3 and the coefficients χ0, of the form
χ(0)
2pi2
g3
2 =
χ(0)
2pi2
g2
2 =
5χ(0)
6pi2
g1
2 =
1
4
. (28)
The coupling constants are then related by
g3
2 = g2
2 =
5
3
g1
2,
which is precisely the relation between the coupling constants at unification,
common to grand unified theories (GUT). We shall further discuss this in
Section 4.6.
4.5 Fermionic action in KO-dimension 6
As already announced above, the shift to KO-dimension 6 for the finite space
solved the fermion doubling problem of [63]. Let us briefly explain how this
works, following [31].
The crucial observation is that in KO-dimension 2 ≡ 4 + 6 mod 8 the
following pairing
(ψ,ψ′) 7→ (Jψ,Dωψ′)
is a skew-symmetric form on the +1-eigenspace of γ in H. This skew-
symmetry is in concordance with the Grassmann nature of fermionic fields
ψ, guaranteeing that the following action functional is in fact non-zero:
SF =
1
2
〈Jξ,DAξ〉
for ξ a Grassmann variable in the +1-eigenspace of γ.
This then solves the fermion doubling, or actually quadrupling as follows.
First, the restriction to the chiral subspace of γ takes care of a factor of two.
Then, the functional integral involving anti-commuting Grassman variables
delivers a Pfaffian, which takes care of a square root. That this indeed works
has been worked out in full detail for the case of the Standard Model in [17,
Section 4.4.1] or [75, Section 11.4].
4.6 Phenomenological consequences
The first phenomenological consequence one can derive from the spectral
Standard Model is an upper bound on the mass of the top quark. In fact,
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the appearance of the constant a in both the fermionic and the bosonic
action allows to derive
Tr
(
m∗νmν +m
∗
eme + 3m
∗
umu + 3m
∗
dmd
)
= 2g2
2v2 = 8MW
2. (29)
It is natural to assume that the mass mtop of the top quark is much larger
than all other fermion masses, except possibly a Dirac mass that arises from
the seesaw mechanism as was described above. If we write mν = ρmtop then
the above relation would yield the constraint
mtop .
√
8
3 + ρ2
MW . (30)
The relations (28) between the coupling constants and χ(0) suggests that we
have grand unification of the coupling constants. Moreover, from the action
functional we see that the quartic Higgs coupling constant λ is related to
χ(0) as well via
λ = 24
b
a2
g22.
Thus, the spectral Standard Model imposes relations between the coupling
constants and bounds on the fermion masses. These relations were used
in [17] as input at (or around) grand unification scale ΛGUT, and then run
down using one-loop renormalization group equations to ’low energies’ where
falsifiable predictions were obtained.
In fact, the mass of the top quark can indeed be found to get an accept-
able value, however, for the Higgs mass it was found that
167 GeV ≤ mh ≤ 176 GeV .
Given that there were not much models in particle physics around that could
produce falsifiable predictions, it is somewhat ironical that the first exclusion
results on the mass of the Higgs that appeared in 2009 from Fermilab hit
exactly this region. See Figure 1. And, of course, with the discovery of the
Higgs at mh ≈ 125.5 GeV in [1, 26] one could say that the spectral Standard
Model was not in a particularly good shape at that time.
5 Beyond the Standard Model with noncommuta-
tive geometry
Even though the incompatibility between the spectral Standard Model and
the experimental discovery of the Higgs with a relatively low mass was not
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Figure 1: Observed and expected exclusion limits for a Standard Model
Higgs boson at the 95-percent confidence level for the combined CDF and
DZero analyses. (Fermilab)
an easy stroke at the time, it also led to a period of reflection and recon-
sideration of the premises of the noncommutative geometric approach. In
fact, it was the beginning of yet another exciting chapter in our story on
the spectral model of gravity coupled with matter. As we will see in this
and the next chapter, once again the input from experiment is taken as a
guiding principle in our search for the spectral model that goes Beyond the
Standard Model.
Remark 5. We do not pretend to give a complete overview of the literature
here, but only indicate some of the highlights and actively ongoing research
areas.
Other searches beyond the Standard Model with noncommutative geome-
try include [53, 70, 71, 73, 72, 74], adopting a slightly different approach to
almost-commutative manifolds as we do.
There is another aspect that was studied is the connection between su-
persymmetry and almost-commutative manifolds. It turned out to be very
hard —if not impossible— to combine the two. A first approach is [13] and
more recently the intersection was studied in [9, 10, 5].
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5.1 Resilience of the spectral Standard Model
In 2012 it was realized how a small correction of the spectral Standard Model
gives an intriguing possibility to go beyond the Standard Model, solving at
the same time a problem with the stability of the Higgs vacuum given the
measured low mass mh. This is based on [16], but for which some of the
crucial ingredients surprisingly enough were already present in the 2010
paper [15].
Namely, in the definition of the finite Dirac operator DF of Equation
19, we can replace YR by YRσ, where σ is a real scalar field on M . Strictly
speaking, this brings us out of the class of almost-commutative manifolds
M × F , since part of DF now varies over M and this was the main reason
why it was disregarded before. However, since from a physical viewpoint
there was no reason to assume YR to be constant, it was treated as a scalar
field already in [15]. This was only fully justified in subsequent papers (as
we will see in the next subsections) where the scalar field σ arises as the
relic of a spontaneous symmetry breaking mechanism, similar to the Higgs
field h in the electroweak sector of the Standard Model. We will discuss a
few of the existing approaches in the literature in the next few sections. For
now, let us simply focus on the phenomenological consequences of this extra
scalar field.
Thus we replace YR by YRσ and analyze the additional terms in the
spectral action. The scalar sector becomes
S′H :=
∫
M
(
bf(0)
2pi2
|H|4 − 2af2Λ
2
pi2
|H|2 + ef(0)
pi2
σ2|H|2
− cf2Λ
2
pi2
σ2 +
df(0)
4pi2
σ4 +
af(0)
2pi2
|DµH|2 + 1
4pi2
f(0)c(∂µσ)
2
)√
gdx,
where we ignored the coupling to the scalar curvature.
We exploit the approximation that mtop, mν and mR are the dominant
mass terms. Moreover, as before we write mν = ρmtop. That is, the expres-
sions for a, b, c, d and e in (27) now become
a ≈ m2top(ρ2 + 3),
b ≈ m4top(ρ4 + 3),
c ≈ m2R,
d ≈ m4R,
e ≈ ρ2m2Rm2top.
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In a unitary gauge, where H =
(
h
0
)
, we arrive at the following potential:
Lpot(h, σ) = 1
24
λhh
4 +
1
2
λhσh
2σ2 +
1
4
λσσ
4 − 4g
2
2
pi2
f2Λ
2(h2 + σ2),
where we have defined coupling constants
λh = 24
ρ4 + 3
(ρ2 + 3)2
g22, λhσ =
8ρ2
ρ2 + 3
g22, λσ = 8g
2
2. (31)
This potential can be minimized, and if we replace h by v + h and σ by
w + σ, respectively, expanding around a minimum for the terms quadratic
in the fields, we obtain:
Lpot(v + h,w + σ)|quadratic = 1
6
v2λhv
2 + 2vwλhσσh+ w
2λσσ
2
=
1
2
(
h σ
)
M2
(
h
σ
)
,
where we have defined the mass matrix M by
M2 = 2
(
1
6λhv
2 λhσvw
λhσvw λσw
2
)
.
This mass matrix can be easily diagonalized, and if we make the natural
assumption that w is of the order of mR, while v is of the order of MW , so
that v  w, we find that the two eigenvalues are
m2+ ∼ 2λσw2 + 2
λ2hσ
λσ
v2,
m2− ∼ 2λhv2
(
1
6
− λ
2
hσ
λhλσ
)
.
We can now determine the value of these two masses by running the scalar
coupling constants λh, λhσ and λσ down to ordinary energy scalar using the
renormalization group equations for these couplings that were derived in [51],
referring to [16, 75] for full details. The result varies with the chosen value
for ΛGUT and the parameter ρ. The mass of σ is essentially given by the
largest eigenvalue m+ which is of the order 10
12 GeV for all values of ΛGUT
and the parameter ρ. The allowed mass range for the Higgs, i.e. for m−,
is depicted in Figure 2. The expected value mh = 125.5 GeV is therefore
compatible with the above noncommutative model. Moreover, without the
σ the λh turns negative at energies around 10
12 GeV. Furthermore, this
calculation implies that there is a relation (given by the red line in the
Figure) between the ratio mν/mtop and the unification scale ΛGUT.
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Figure 2: A contour plot of the Higgs mass mh as a function of ρ
2 and
t = log(ΛGUT/MZ). The red line corresponds to mh = 125.5 GeV.
5.2 Pati–Salam unification and first-order condition
In order to see how we one can use the noncommutative geometric approach
to go beyond the Standard Model it is important to trace our steps that led
to the spectral Standard Model in the previous Section. The route started
with the classification of the algebras of the finite space (cf. Equation (17)).
The results show that the only algebras which solve the fermion doubling
problem are of the form M2a(C) ⊕M2a(C) where a is an even integer. An
arbitrary symplectic constraint is imposed on the first algebra restricting it
from M2a(C) to Ma(H). The first non-trivial algebra one can consider is for
a = 2 with the algebra
M2(H)⊕M4(C). (32)
Coincidentally, and as explained in the introduction, the above algebra
comes out as a solution of the two-sided Heisenberg quantization relation be-
tween the Dirac operator D and the two maps from the four spin-manifold
and the two four spheres S4 × S4 [18, 19]. This removes the arbitrary
symplectic constraint and replaces it with a relation that quantize the four-
volume in terms of two quanta of geometry and have far reaching conse-
quences on the structure of space-time. We will come back to this in the
last Section.
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The existence of the chirality operator γ that commutes with the algebra
breaks the quaternionic matrices M2(H) to the diagonal subalgebra and
leads us to consider the finite algebra
AF = HR ⊕HL ⊕M4(C). (33)
This algebras is the simplest candidate to search for new physics beyond the
Standard Model. In fact, the inner automorphism group of A = C∞ (M)⊗
AF is recognized as the Pati–Salam gauge group SU(2)R×SU(2)L×SU(4),
and the corresponding gauge bosons appear as inner perturbations of the
(spacetime) Dirac operator [21]. Thus, we are considering a spectral Pati–
Salam model as a candidate beyond the Standard Model. Let us further
analyze this model and its phenomenological consequences.
An element of the Hilbert space Ψ ∈ H is represented by
ΨM =
(
ψA
ψA′
)
, ψA′ = ψ
c
A (34)
where ψcA is the conjugate spinor to ψA. Thus all primed indices A
′ corre-
spond to the Hilbert space of conjugate spinors. It is acted on by both the
left algebra M2 (H) and the right algebra M4 (C). Therefore the index A
can take 16 values and is represented by
A = αI (35)
where the index α is acted on by quaternionic matrices and the index I by
M4 (C) matrices. Moreover, when the grading breaks M2 (H) into HR ⊕HL
the index α is decomposed to α =
.
a, a where
.
a =
.
1,
.
2 (dotted index) is
acted on by the first quaternionic algebra HR and a = 1, 2 is acted on by
the second quaternionic algebra HL. When M4 (C) breaks into C⊕M3 (C)
(due to symmetry breaking or through the use of the order one condition
as in [14]) the index I is decomposed into I = 1, i and thus distinguishing
leptons and quarks, where the 1 is acted on by the C and the i by M3 (C) .
Therefore the various components of the spinor ψA are
ψαI =
(
νR uiR νL uiL
eR diR eL diL
)
, i = 1, 2, 3 (36)
= (ψ .a1, ψ .ai, ψa1, ψai) , a = 1, 2,
.
a =
.
1,
.
2
This is a general prediction of the spectral construction that there is 16
fundamental Weyl fermions per family, 4 leptons and 12 quarks.
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The (finite) Dirac operator can be written in matrix form
DF =
(
DBA D
B
′
A
DB
A′ D
B
′
A′
)
, (37)
and must satisfy the properties
γFDF = −DFγF JFDF = DFJF (38)
where J2F = 1. A matrix realization of γF and JF are given by
γF =
(
GF 0
0 −GF
)
, GF =
(
12 0
0 −12
)
, JF =
(
04 14
14 04
)
◦ cc
(39)
where cc stands for complex conjugation. These relations, together with the
hermiticity of D imply the relations
(DF )
B
′
A′ =
(
DF
)B
A
(DF )
B
A′ =
(
DF
)A′
B
(40)
and have the following zero components [15]
(DF )
bJ
aI = 0 = (DF )
.
bJ
.
aI (41)
(DF )
.
b
′
J ′
aI = 0 = (DF )
b′J ′
.
aI (42)
leaving the components (DF )
.
bJ
aI , (DF )
b′J ′
aI and (DF )
.
b
′
J ′
.
aI arbitrary. These
restrictions lead to important constraints on the structure of the connection
that appears in the inner fluctuations of the Dirac operator. In particular
the operator D of the full noncommutative space given by
D = DM ⊗ 1 + γ5 ⊗DF (43)
gets modified to
DA = D +A(1) + JA(1)J
−1 +A(2) (44)
where
A(1) =
∑
a [D, b] , A2 =
∑
â
[
A(1), b̂
]
, â = JaJ−1 (45)
We have shown in [21] that components of the connection A which are
tensored with the Clifford gamma matrices γµ are the gauge fields of the
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Pati–Salam model with the symmetry of SU (2)R × SU (2)L × SU (4) . On
the other hand, the non-vanishing components of the connection which are
tensored with the gamma matrix γ5 are given by
(A)
.
bJ
aI ≡ γ5Σ
.
bJ
aI , (A)
b′J ′
aI = γ5HaIbJ , (A)
.
b
′
J ′
.
aI ≡ γ5H .aI .bJ (46)
where HaIbJ = HbJaI and H .aI
.
bJ
= H.
bJ
.
aI
, which is the most general Higgs
structure possible. These correspond to the representations with respect to
SU (2)R × SU (2)L × SU (4) :
Σ
.
bJ
aI = (2R, 2L, 1) + (2R, 2L, 15) (47)
HaIbJ = (1R, 1L, 6) + (1R, 3L, 10) (48)
H .
aI
.
bJ
= (1R, 1L, 6) + (3R, 1L, 10) (49)
We note, however, that the inner fluctuations form a semi-group and if a
component (DF )
.
bJ
aI or (DF )
b′J ′
aI or (DF )
.
b
′
J ′
.
aI vanish, then the corresponding A
field will also vanish. We can distinguish three cases: 1) Left-right symmetric
Pati–Salam model with fundamental Higgs fields Σ
.
bJ
aI , HaIbJ and H .aI
.
bJ
. In
this model the field HaIbJ should have a zero vev. 2) A Pati–Salam model
where the Higgs field HaIbJ that couples to the left sector is set to zero which
is desirable because there is no symmetry between the left and right sectors
at low energies. 3) If one starts with (DF )
.
bJ
aI or (DF )
b′J ′
aI or (DF )
.
b
′
J ′
.
aI whose
values are given by those that were derived for the Standard Model, then the
Higgs fields Σ
.
bJ
aI , HaIbJ and H .aI
.
bJ
will become composite and expressible in
terms of more fundamental fields ΣJI , ∆ .aJ and φ
b
.
a
. We refer to this as the
composite model. It has the scalar field σ discussed in the previous section
as a remnant after spontaneous symmetry breaking [21]. In fact, contrary to
some claims in the literature it is possible to perform the potential analysis
in this case in unitarity gauge and arrive at the conclusion that the field
content contains the scalar field σ (cf. Appendix A).
Depending on the precise particle content we may determine the renor-
malization group equations of the Pati–Salam gauge couplings gR, gL, g. In
[22] we have run them to look for unification of the coupling gR = gL = g.
The boundary conditions are taken at the intermediate mass scale µ = mR
to be the usual (e.g. [67, Eq. (5.8.3)])
1
g21
=
2
3
1
g2
+
1
g2R
,
1
g22
=
1
g2L
,
1
g23
=
1
g2
, (50)
in terms of the Standard Model gauge couplings g1, g2, g3. At the mass scale
mR the Pati–Salam symmetry is broken to that of the Standard Model, and
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Figure 3: Running of the gauge couplings of the Standard Model gauge
couplings (below scale mR ≈ 1011 GeV) and the Pati–Salam gauge coupling
(above scale mR) in case 2.
we take it to be the same scale that is present in the see-saw mechanism. It
should thus be of the order 1011−1013GeV. What we have found in [22] (and
this was confirmed by others in [3]) is that in all three cases it is possible
to achieve grand unification of the couplings, while connecting to Standard
Model physics in the broken, low-energy phase. An example of a running of
the gauge coupling is illustrated in Figure 3.
5.3 Grand symmetry and twisted spectral triples
In [40] the next-to-next case3 in the list of irreducible geometries in Equation
(17) was considered: k = 4. Thus, one considers
AG = M4(H)⊕M8(C); HF := C128. (51)
where 128 is exactly the number of spinor and internal degrees of freedom
combined (including the aforementioned fermion quadruplication). The ge-
ometry is then (
C∞(M,AG), L2(M)⊗HF , DM + γMDF
)
3The case k = 3 was ruled out by physical considerations [40].
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where one has to assume that the spinor bundle on M has been trivialized
to gather the spinor and internal fermionic degrees of freedom in a single
Hilbert space HF .
Note that the above geometry is not a direct product of the continuum
with a discrete space. In fact, both the algebra and the Dirac operator
DM contain spinor indices. As a consequence the commutator [DM , a] can
become unbounded, thus challenging one of the basic axioms of spectral
triples. Instead, it is possible to guarantee that twisted commutators are
bounded so that this example fits in the general framework of twisted spec-
tral triples developed in [34]. In [41] the authors identify an inner automor-
phism ρ = R(·)R of AG such that
[D, a]ρ = Da− ρ(a)D
is bounded.
An interesting question that arises at this point is how to generate inner
fluctuations of twisted spectral triples. This was analyzed in full detail
from a mathematical viewpoint in [61, 62]. One of the intriguing aspects
is the self-adjointness of the Dirac operator under fluctuations (even gauge
transformations): for this to be respected one has to impose a compatibility
between the twist and the fluctuation.
An alternative route was suggested in [39]. Namely, one may drop the
above condition of self-adjointness and instead look for operators that are
Krein-self-adjoint, using the Krein structure on the Hilbert space that is
induced by the operator R (defining the twist ρ). This will have an intriguing
appearance of the Lorentzian structure (given by the Krein inner product)
from a purely algebraic and Euclidean starting point. Here we also refer to
the nice overview given in [64].
5.4 Algebraic constraints on the finite geometry
An interesting question to consider —in particular in light of theories that
go Beyond the Standard Model— is whether one can derive the restricted
form of the Dirac operator DF in (19). We highlight a few approaches to
this question that are present in the literature.
First of all, as mentioned already on page 20, the form of the DF in
terms of the matrices Yν , Ye, Yu, Yd and YR as in Equations (21) and (22)
appears naturally in the study of moduli of finite Dirac operators. The only
constraint (in addition to the usual conditions layed out in Section 3.1) there
was that the photon remained massless.
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An attempt was made to make the latter condition less ad hoc is [49, 7, 8].
They proposed to generalize noncommutative geometry to non-associative
noncommutative geometry, thus allowing for non-associative algebras. The
crucial idea —which goes back to Eilenberg— is to combine the (differen-
tial) algebra and (Hilbert space) bimodule into a single algebra, and under-
stand the conditions such as commutant property and first-order conditions
as consequences of associativity of the pertinent algebra B. However, this
associativity is a strong constraint and accordingly further restrict the ge-
ometry described by DF . Note that non-associative algebras have also been
used in the context of noncommutative geometry and particle physics to
predict the number of families (to be three) [76]
Another approach to analyzing the form of the Dirac operator DF by
imposing algebraic conditions is taken by [35, 36]. Here the authors adopt
the principle that, similar to differential forms in the continuum, the finite
Hilbert space should be a Morita equivalence between A and the Clifford
algebra generated by AF and DF . One finds that the aforementioned form
of DF does not satisfy this condition but additional entries in DF should
be non-zero. This gives rise to a model Beyond the Standard Model: an
analysis of the phenomenological consequences is performed in [59, 37]. In
[2] it was then found that this model does not exhibit grand unification of
the Standard Model couplings.
6 Volume quantization and uniqueness of SM
In the classification of finite noncommutative spaces we arrived at the re-
sult that the algebra AF = (HR⊕HL)⊕M4 (C) was the first possibility out
of many of the form AF = (Mn (H)R⊕Mn (H)L) ⊕M4n (C). in addition
we made an assumption, that seemed arbitrary, of the existence of anti-
linear isometry that reduced the algebra M4n (C) to (Mn (H)R⊕Mn (H)L).
It is necessary to have a stronger evidence of the uniqueness of our con-
clusions that helps us to avoid making the above mentioned assumptions.
Surprisingly, the new evidence came in the process of solving a seemingly
completely independent problem, encoding low dimensional geometries, and
in particular dimension four.
6.1 Higher form of Heisenberg’s commutation relations
Starting with the simple example of one dimensional geometries, consider
the equation
U∗ [D,U ] = 1, U∗U = 1
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where D is self-adjoint operator. Assuming that the one dimensional space
is a closed curve parameterized by coordinate x and the Dirac operator to
be D = −i ddx + α the above equation simplifies to
−iU∗dU = dx
Writing U = einθ we obtain dx = ndθ. Integrating both sides implies that
the length of the one dimensional curve is an integer multiple of 2pi, the
length of S1 ∮
C
dx = n (2pi)
To adopt this construction to higher dimensions, we note that we can char-
acterize the circle S1 by the equation Y AY A = 1, A = 1, 2, Y A∗ = Y A. As-
sembling the two coordinates Y 1, Y 2 in one matrix, define Y = Y AΓA, where
ΓA, A = 1, 2 are taken to be 2×2. In addition we identify Γ1 = σ1, Γ2 = σ2,
the Pauli matrices, and define Γ = −iΓ1Γ2 = σ3 so that Γ+ = 12 (1 + Γ) is a
projection operator. We notice that we can write
Y =
(
0 Y 1 − iY 2
Y 1 + iY 2 0
)
=
(
0 U∗
U 0
)
where U = Y 1 − iY 2 and U∗U = 1. The expression
〈Γ+Y [D,Y ]〉 = 1
where 〈〉 is defined to be the trace over the Clifford algebra defined by ΓA,
gives back the equation U∗ [D,U ] = 1.
For higher dimensional geometries we consider a Riemannian manifold
with dimension n and where the algebra A is taken to be C∞ (M) , the alge-
bra of continuously differentiable functions, while the operatorD is identified
with the Dirac operator given by
DM = γ
µ
(
∂
∂xµ
+ ωµ
)
,
where γµ = eµaγa and ωµ =
1
4ωµbcγ
bc is the SO(n) Lie-algebra valued spin-
connection with the (inverse) vielbein eµa being the square root of the (in-
verse) metric gµν = eµaδabeνb . The gamma matrices γ
a are anti-hermitian
(γa)∗ = −γa that define the Clifford algebra {γa, γb} = −2δab. The Hilbert
space H is the space of square integrable spinors L2 (M,S) . The chirality
operator γ in even dimensions is then given by
γ = (i)
n
2 γ1γ2 · · · γn
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Starting with manifolds of dimension 2 we first define the two sphere by
the equation Y AY A = 1, A = 1, 2, 3, Y A∗ = Y A. Assembling the three
coordinates Y 1, Y 2, Y 3 in one matrix, defining Y = Y AΓA, where ΓA,
A = 1, 2, 3 are taken to be 2 × 2 Pauli matrices. Notice that in this case
Γ ≡ −iΓ1Γ2Γ3 = 1 and to generalize equation (6.1) to two dimensions the
factor Γ can be dropped, and we write instead
1
2!
〈
Y [D,Y ]2
〉
= γ
The reason we have to include the chirality operator γ on the two dimen-
sional manifold M is that the Dirac operator D appears twice yielding a
product of the form γ1γ2 = −iγ. A simple calculation shows that the above
equation in component form is given by
1
2!
εµνεABCY
A∂µY
B∂νY
C = det
(
eaµ
)
which is a constraint on the volume form of M2. This implies that the volume
of M2 will be an integer multiple of the area of the unit 2-sphere∫
M2
d2x
√
g =
∫
εABCY
AdY BdY C
= n(4pi)
where n is the winding number. An example of a map Y with winding
number n is
Y ≡ Y 1 + iY 2 = 2z
n
|z|2n + 1 , Y
3 =
|z|2n − 1
|z|2n + 1 , z = x
1 + ix2
From this we deduce that the pullback Y ∗ (wn) is a differential form that
does not vanish anywhere. This in turn implies that the Jacobian of the map
Y does not vanish anywhere, and that Y is a covering of the sphere. The
sphere is simply connected, and on each connected component Mj ⊂ Mn,
the restriction of the map Y to Mj is a diffeomorphism, implying that the
manifold must be disconnected, with each piece having the topology of a
sphere. To allow for two dimensional manifolds with arbitrary topology, our
first observation is that condition (6.1) involves the commutator of the Dirac
operator D and the coordinates Y. In momentum space D is the Feynman-
slashed γµpµ momentum and Y are the Feynman-slashed coordinates. This
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suggests that the quantization condition is a higher form of Heisenberg com-
mutation relation quantizing the phase space formed by coordinates and mo-
menta. We first notice that although the quantization condition is given in
terms of the noncommutative data, the operator J is the only one missing.
We therefore modify the condition to take J into account. The operator J
transforms Y into its commutant Y ′ = iJY J−1 so that [Y, Y ′] = 0. Thus
let Y = Y AΓA and Y
′ = iJY J−1 and Γ′A = iJΓAJ
−1 so that we can write
Y = Y AΓA, Y
′ = Y ′AΓ′A,
satisfying Y 2 = 1 and Y ′2 = 1 with the Clifford algebras C±
{ΓA,ΓB} = 2 δAB, (ΓA)∗ = ΓA (52){
Γ′A,Γ
′
B
}
= −2 δAB, (Γ′A)∗ = −Γ′A (53)
We immediately see that the Clifford algebra C+ = M2 (C) and C− = H.
We then define the projection operator e = 12 (1 + Y ) satisfying e
2 = e and
similarly e′ = 12 (1 + Y
′) satisfying e′2 = e′. From the tensor product of
E = ee′ satisfying E2 = E, we construct Z = 2E − 1 satisfying Z2 = 1 and
allowing us to write
1
2
〈
Z [D,Z]2
〉
= γ
A straightforward calculation reveals that this relation splits as the sum of
two non-interfering parts
1
2
〈
Y [D,Y ]2
〉
+
1
2
〈
Y ′
[
D,Y ′
]2〉
= γ
which in component form reads
1
2!
εµνεABC
(
Y A∂µY
B∂νY
C + Y
′A∂µY
′B∂νY
′C
)
= det
(
eaµ
)
We will show later, when considering the four dimensional case that this
modification allows to reconstruct two dimensional manifolds of arbitrary
topology from the pullbacks of the maps Y, Y ’.
For three dimensional manifolds γ = 1 and in analogy with the one-
dimensional case we write
1
3!
〈
Γ+Y [D,Y ]
3
〉
= 1
where Y = Y AΓA, A = 1, . . . 4, Y
2 = 1, Y = Y ∗, ΓA are 4 × 4 Clifford
algebra matrices C+ where {ΓA,ΓB} = 2 δAB. In this representation of the
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Γ matrices we have Γ = Γ5 = Γ1Γ2Γ3Γ4 =
(
12 0
0 −12
)
so that Γ+ =
1
2 (1 + Γ) is a projection operator. In d = 3, we can write
Y = Y AΓA =
(
0 U∗
U 0
)
where U is a unitary 2 × 2 matrix such that it could be written in the
form U = exp (i (α01 + αaσ
a)) so that U∗U = 1. It is easy to check that〈
Y [D,Y ]3
〉
= 0 and that the component form of the above relation is
det
(
eaµ
)
=
1
3!
εµνρTr (U∗∂µUU∗∂νUU∗∂ρU)
whose integral is the winding number of the SU(2) group manifold. Again,
using the reality operator J we act on the Clifford algebra Y ′ = iJY J−1 so
that [Y, Y ′] = 0, then Γ′A = iJΓAJ
−1 satisfies {Γ′A,Γ′B} = −2 δAB, (Γ′A)∗ =
−Γ′A. Forming the projection operators e = 12 (1 + Y ) , e′ = 12 (1 + Y ′), we
form the tensor product E = ee′ we define the field Z = 2E − 1, and thus
the two sided relation becomes
1
3!
〈
Γ+Γ
′
+Z [D,Z]
3
〉
= 1
A lengthy calculation shows that the component form of this relation sepa-
rates into two parts without interference terms
det
(
eaµ
)
=
1
3!
εµνρ
(
Tr (U∗∂µUU∗∂νUU∗∂ρU)
+ Tr
(
U
′∗∂µU ′U
′∗∂νU ′U
′∗∂ρU ′
))
Finally, for four dimensional manifolds the Clifford algebras C+ and C−
defined as in (52) (53) with ΓA, Γ
′
A, A = 1, · · · , 5 are known to be given
by C+ = M2 (H) and C− = M4 (C) . The quantization condition takes the
same form as the two dimensional case
1
4!
〈
Z [D,Z]4
〉
= γ
This relation separates into two non-interfering terms
1
4!
〈
Y [D,Y ]4
〉
+
1
4!
〈
Y ′
[
D,Y ′
]4 〉
= γ
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the component form of which is given by
det
(
eaµ
)
=
1
4!
εµνκλεABCDE
(
Y A∂µY
B∂νY
C∂κY
D∂λY
E
+ Y
′A∂µY
′B∂νY
′C∂κY
′D∂λY
′E
)
One can verify that similar considerations fail when the dimension of the
manifold n > 4 as there are interference terms between the Y and Y ′.
Integrating both sides imply∫
M4
d4x
√
g =
8
3
pi2
(
N +N ′
)
where N , N ′ are the winding numbers of the two maps Y, Y ′. An example
of a map Y with winding number n is given by
Y ≡ Y 41 + Y iei = 2x
n
xnxn + 1
,
Y 5 =
xnxn − 1
xnxn + 1
,
where x = x41 + xiei and ei, i = 1, 2, 3 are the quaternionic complex struc-
tures e2i = −1, eiej = εijkek, i 6= j.
6.2 Volume quantization
Consider the smooth maps φ± : Mn → Sn then their pullbacks φ∗± would
satisfy
φ∗+ (α) + φ
∗
− (α) = ω,
where α is the volume form on the unit sphere Sn and ω (x) is an n−form
that does not vanish anywhere on Mn. We have shown that for a compact
connected smooth oriented manifold with n < 4 one can find two maps
φ∗+ (α) and φ∗− (α) whose sum does not vanish anywhere, satisfying equation
(6.2) such that
∫
ω ∈ Z. The proof for n = 4 is more difficult and there is an
obstruction unless the second Stieffel–Whitney class w2 vanishes, which is
satisfied if M is required to be a spin-manifold and the volume to be larger
than or equal to five units. The key idea in the proof is to note that the
kernel of the Jacobian of the map Y is a hypersurface Σ of co-dimension 2
and therefore
dim Σ = n− 2.
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We can then construct a map Y ′ = Y ◦ ψ where ψ is a diffeomorphism
on M such that the sum of the pullbacks of Y and Y ′ does not vanish
anywhere. The coordinates Y are defined over a Clifford algebra C+
spanned by {ΓA,ΓB} = 2δAB. For n = 2, C+ = M2 (C) while for n = 4,
C+ = M2 (H) ⊕M2 (H) where H is the field of quaternions. However, for
n = 4, since we will be dealing with irreducible representations we take
C+ = M2 (H) . Similarly the coordinates Y ′ are defined over the Clifford
algebra C− spanned by {Γ′A,Γ′B} = −2δAB and for n = 2, C− = H⊕H and
for n = 4, C− = M4 (C) . The operator J acts on the two algebras C+ ⊕C−
in the form J (x, y) = (y∗, x∗) (i.e. it exchanges the two algebras and takes
the Hermitian conjugate). The coordinates Z = 12 (Y + 1) (Y
′ + 1)−1, then
define the matrix algebras [18]
AF = M2 (C)⊕H, n = 2
AF = M2 (H)⊕M4 (C) , n = 4.
One, however, must remember that the maps Y and Y ′ are functions of the
coordinates of the manifold M and therefore the algebra associated with
this space must be
A = C∞ (M,AF )
= C∞ (M)⊗AF .
To see this consider, for simplicity, the n = 2 case with only the map Y.
The Clifford algebra C− = H is spanned by the set
{
1,ΓA
}
, A = 1, 2, 3,
where
{
ΓA,ΓB
}
= −2δAB. We then consider functions which are made out
of words of the variable Y formed with the use of constant elements of the
algebra [32]
∞∑
i=1
a1Y a2Y · · · aiY, ai ∈ H,
which will generate arbitrary functions over the manifold which is the most
general form since Y 2 = 1. One can easily see that these combinations
generate all the spherical harmonics. This result could be easily generalized
by considering functions of the fields
Z =
1
2
(Y + 1)
(
Y ′ + 1
)− 1, Y ∈ H, Y ′ ∈M2 (C) ,
showing that the noncommutative algebra generated by the constant matri-
ces and the Feynman slash coordinates Z is given by [32]
A = C∞ (M2)⊗ (H+M2 (C)) .
42
We now restrict ourselves to the physical case of n = 4. Here the algebra is
given by
A = C∞ (M4)⊗ (M2(H)+M4 (C)) .
The associated Hilbert space is
H = L2 (M4, S)⊗HF .
The Dirac operator mixes the finite space and the continuous manifold non-
trivially
D = DM ⊗ 1 + γ5 ⊗DF ,
whereDF is a self adjoint operator in the finite space. The chirality operator
is
γ = γ5 ⊗ γF ,
and the anti-unitary operator J is given by
J = JMγ5 ⊗ JF ,
where JM is the charge-conjugation operator C on M and JF the anti-
unitary operator for the finite space. Thus an element Ψ ∈ H is of the
form Ψ =
(
ψA
ψA′
)
where ψA is a 16 component L
2 (M,S) spinor in the
fundamental representation of AF of the form ψA = ψαI where α = 1, · · · , 4
with respect to M2 (H) and I = 1, · · · , 4 with respect to M4 (C) and where
ψA′ = Cψ
∗
A is the charge conjugate spinor to ψA [15]. The chirality operator
γ must commute with elements of A which implies that γF must commute
with elements in AF . Commutativity of the chirality operator γF with the
algebra AF and that this Z/2 grading acts non-trivially reduces the algebra
M2 (H) to HR⊕HL [18]. Thus the γF is identified with γF = Γ5 = Γ1Γ2Γ3Γ4
and the finite space algebra reduces to
AF = HR ⊕HL ⊕M4 (C) .
This can be easily seen by noting that an element of M2 (H) takes the form(
q1 q2
q3 q4
)
where each qi, i = 1, · · · , 4, is a 2 × 2 matrix representing a
quaternion. Taking the representation of Γ5 =
(
12 0
0 −12
)
to commute
with M2 (H) implies that q2 = 0 = q3, thus reducing the algebra to HR⊕HL.
Therefore the index α = 1, · · · , 4 splits into two parts, .a = .1, .2 which is a
doublet under HR and a = 1, 2 which is a doublet under HL. The spinor
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Ψ further satisfies the chirality condition γΨ = Ψ which implies that the
spinors ψ .aI are in the (2R, 1L, 4) with respect to the algebra HR⊕HL ⊕
M4 (C) while ψaI are in the (1R, 2L, 4) representation. The finite space Dirac
operator DF is then a 32×32 Hermitian matrix acting on the 32 component
spinors Ψ. In addition we take three copies of each spinor to account for the
three families, but will omit writing an index for the families. At present
we have no explanation for why the number of generations should be three.
The Dirac operator for the finite space is then a 96× 96 Hermitian matrix.
The Dirac action is then given by [17]
(JΨ, DΨ) .
We note that we are considering compact spaces with Euclidean signature
and thus the condition JΨ = Ψ could not be imposed. It could, however, be
imposed if the four dimensional space is Lorentzian [4].The reason is that
the KO dimension of the finite space is 6 because the operators DF , γF and
JF satisfy
J2F = 1, JFDF = DFJF , JFγF = −γFJF .
The operators DM , γM = γ5, and JM = C for a compact manifold of
dimension 4 satisfy
J2M = −1, JMDM = DMJM , JMγ5 = γ5JM .
Thus the KO dimension of the full noncommutative space (A,H, D) with
the decorations J and γ included is 10 and satisfies
J2 = −1, JD = DJ, Jγ = −γJ.
We have shown in [17] that the path integral of the Dirac action, thanks to
the relations J2 = −1 and Jγ = −γJ , yields a Pfaffian of the operator D
instead of its determinant and thus eliminates half the degrees of freedom
of Ψ and have the same effect as imposing the condition JΨ = Ψ.
We have also seen that the operator J sends the algebra A to its com-
mutant, and thus the full algebra acting on the Hilbert space H is A⊗Ao.
Under automorphisms of the algebra
Ψ→ UΨ,
where U = uû with u ∈ A, û ∈ Ao with [u, û] = 0, it is clear that Dirac
action is not invariant.
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At this point it is clear that we have retrieved all our conclusions we have
before arriving at a unique possibility, which is to have a noncommutative
space corresponding to the Pati–Salam Model we considered before, and in
the special case where the Dirac operator and algebra satisfy the order one
condition, the result is the noncommutative space of the Standard Model.
We have thus succeeded in obtaining the Pati–Salam Model and Standard
Model as unique possibilities starting with the two sided Heisenberg like
equation (6.1) thus eliminating all other possibilities obtained in classifying
finite noncommutative spaces of KO dimension 6. There is no need to assume
the existence of an isometry that reduces the first algebra from M4 (C)
to M2 (H), and no need to assume that the KO dimension of the finite
space to be 6. These results are very satisfactory and serve to enhance our
confidence of the fine structure of space time as given by the above derived
noncommutative space.
7 Outlook: towards quantization
Starting with the simple observation that the Higgs field could be inter-
preted as the link between two parallel sheets separated by a distance of
the order of 10−16 cm it took enormous effort to identify a noncommutative
space where the spectrum of the Standard Model could fit. Small deviations
from the model, such as the need for a real structure and a KO dimension
6, were taken as input to fine tune and determine precisely the noncommu-
tative space. The spectral action principle proved to be very efficient way
in evaluating the bosonic sector of the theory. Having identified the non-
commutative space, the next target was to understand why nature would
chose the Standard Model and not any other possibility. A classification of
finite spaces revealed the special nature of the the finite part of the non-
commutative space identified. Work on encoding manifolds with dimensions
equal to four satisfying a higher form of Heisenberg type equation showed
that the most general solution of this equation is that of a noncommutative
space which is a product of a four-dimensional Riemannian spin-manifold
times the finite space corresponding to a Pati–Salam unification model. The
Standard Model is a special case of this space where a first order differential
condition is satisfied. After a long journey the reasons why nature chose the
Standard Model is now reduced to determining solutions of a higher form
of Heisenberg equation. With such little input, it is quite satisfying to learn
that it is possible to answer many of the questions which puzzled theorists
for a long time. We now know why there are 16 fermions per generation,
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why the gauge group is SU (3)×SU (2)×U (1) , an explanation of the Higgs
field and origin of spontaneous symmetry breaking. The Spectral model
also predicts a Majorana mass for the right-handed neutrinos and explains
the see-saw mechanism. We thus understand unification of all fundamental
forces as a geometrical theory based on the spectral action principle of a
noncommutative space.
Naturally, there are many questions that are still unanswered, and this
motivates the need for further research to address these problems using
noncommutative geometry considerations. To conclude, we mention few of
the possible directions of future research. One important aspect to consider
is the renormalizability properties of the spectral model. Another problem is
to study the quantum properties of the Dirac operator and whether it could
be related to the pullbacks of the maps used in determining the quanta
of geometry. The future of noncommutative geometry in the program of
unification of all fundamental interactions looks now to be very promising.
A Pati–Salam model: potential analysis
We here include the scalar potential analysis for the composite Pati–Salam
model, as described in Section 5.2 above.
If there is unification of lepton and quark couplings, then ρ = 1 so that
the ΣIJ -field decouples. In that case we have
Lpot(φb.a,∆ .aI) = −µ2φc.aφ
.
a
c − ν2
(
∆ .aK∆
.
aK
)2
+ λΣφ
.
c
aφ
b
.
cφ
.
d
bφ
a
.
d
+ λH
(
∆ .aK∆
.
aL
∆.
bL
∆
.
bK
)2
+ λHΣ
(
∆ .aJ∆
.
aJ
∆ .cI∆
.
dI
)
φ
.
c
bφ
b
.
d
where we have absorbed some constant factors by redefining the couplings
λH , λHΣ and λΣ.
We choose unitarity gauge for the ∆ and φ-fields, in the following precise
sense.
Lemma 6. For each value of the fields {φba˙,∆a˙I} there is an element (uR, uL, u) ∈
SU(2)R × SU(2)L × SU(4) such that
uR
(
φ1
1˙
φ2
1˙
φ1
2˙
φ2
2˙
)
u∗L =
(
h 0
0 χ
)
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and
uR
(
∆1˙1 ∆1˙2 ∆1˙3 ∆1˙4
∆2˙1 ∆2˙2 ∆2˙3 ∆2˙4
)
ut =
(
1 + δ0 0 0 0
δ1 η1 0 0
)
where h, δ0, δ1, η1 are real fields and χ is a complex field.
Proof. Consider the singular value decomposition of the 2× 2 matrix (φba˙):(
φ1
1˙
φ2
1˙
φ1
2˙
φ2
2˙
)
= U
(
h 0
0 k
)
V ∗
for unitary 2× 2 matrices U, V and real coefficients h, k. If we define
uR =
(
1 0
0 detU
)
U∗ ∈ SU(2)R
uL =
(
1 0
0 detV
)
V ∗ ∈ SU(2)L
it follows that
uR
(
φ1
1˙
φ2
1˙
φ1
2˙
φ2
2˙
)
u∗L =
(
h 0
0 k detUV ∗
)
=:
(
h 0
0 χ
)
.
Next, we consider ∆a˙I and write
(∆a˙I) =
(
u∗1
u∗2
)
, with u∗a =
(
∆a˙1 ∆a˙2 ∆a˙3 ∆a˙4
)
for a = 1, 2. We may suppose that the vectors u1, u2 are such that their
inner product u∗1u2 is a real number. Indeed, if this is not the case, then
multiply ∆a˙I by a matrix in SU(2)R as follows:(
u∗1
u∗2
)
7→
(
α 0
0 α∗
)(
u∗1
u∗2
)
=
(
αu∗1
α∗u∗2
)
.
Now the inner product is (α∗u1)∗αu2 = (α)2u∗1u2 and we may choose α so
as to cancel the phase of u∗1u2. Moreover, this transformation respects the
above form of φba˙ after a SU(2)L-transformation of exactly the same form:(
h 0
0 χ
)
7→
(
α 0
0 α∗
)(
h 0
0 χ
)(
α 0
0 α∗
)∗
=
(
h 0
0 χ
)
.
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Thus let us continue with the vectors u1, u2 satisfying u
∗
1u2 ∈ R. We apply
Gramm-Schmidt orthonormalization to u1 and u2, to arrive at the following
orthonormal set of vectors {e1, e2} in C4:
e1 =
u1
‖u1‖ ; e2 =
u2 − u
∗
1u2
‖u1‖u1
‖u2 − u
∗
1u2
‖u1‖u1‖
.
We complete this set by choosing two additional orthonormal vectors e3 and
e4 and write a unitary 4× 4 matrix:
U =
(
e1 e2 e3 e4
)
The sought-for matrix u ∈ SU(4) is determined by
ut = U
(
13 0
0 detU∗
)
so as to give
(∆a˙I)u
t =
(
u∗1e1 0 0 0
u∗2e1 u∗2e2 0 0
)
=:
(
1 + δ0 0 0 0
δ1 η1 0 0
)
Remark 7. Note that this is compatible with the dimension of the quotient
of the space of field values by the group. Indeed, the fields φba˙ and ∆a˙I span
a real 24-dimensional space (at each manifold point). The dimension of
the orbit space is then 24 − dimP with P a principal orbit of the action
of SU(2)R × SU(2)L × SU(4) on the space of field values. This dimension
dimP is determined by the dimension of the group and of a principal isotropy
group.
First, we see that up to conjugation there is always a SU(2)-subgroup
of SU(4) leaving ∆a˙I invariant: it corresponds to SU(2)-transformations in
the space orthogonal to the vectors ∆1˙I and ∆2˙I in C4. Moreover, one can
compute that the isotropy subgroup of the field values
(
φba˙
)
=
(
1 0
0 0
)
;
(
∆a˙I
)
=
(
1 0 0 0
1 1 0 0
)
is given by Z2 × SU(2). Hence, the dimension of the principal orbit is
21 − 3 = 18 so that the orbit space is 6-dimensional. This corresponds to
the 4 real fields h, δ0, δ1, η1 and the complex field χ.
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We allow for the colour SU(3)-symmetry not to be broken spontaneously,
hence we only choose unitarity gauge in the SU(2)R × SU(2)L × U(1)-
representations. That is, we retain the row vector ∆2˙I for I = 1, . . . , 4
as a variable and write(
∆a˙I
)
=
(√
w + δ0/
√
w 0 0 0
δ1/
√
w η1/
√
w η2/
√
w η3/
√
w
)
so that (ηi) forms a scalar SU(3)-triplet field (so-called scalar leptoquarks).
The reason for the rescaling with
√
w is that it yields the right kinetic terms
for δ0, δ1 and η. Indeed, from the spectral action we then have
1
2
∂µH .aI
.
bJ
∂µH
.
aI
.
bJ =
1
2
∂µ
(
∆ .aJ∆.bI
)
∂µ
(
∆
.
aJ∆
.
bJ
)
∼
1∑
a=0
∂µδa∂
µδa + ∂µη∂
µη∗ + higher order
The scalar potential becomes in terms of the fields h, χ, δ0, δ1, ηi:
Lpot(h, χ, δ0, δ1, η) = −µ2(h2 + |χ|2)− ν2
(
(w + δ0)
2 + δ21 + |η|2
)2
/w2
+ λHΣ
(
(w + δ0)
2h2 + (δ21 + |η|2)|χ|2
) (
(w + δ0)
2 + δ21 + |η|2
)
/w2
+ λH
(
(w + δ0)
4 + 2(w + δ0)
2δ21 + (δ
2
1 + |η|2)2
)2
/w4 + λΣ(h
4 + |χ|4)
As we are interested in the truncation to the Standard Model, we look for
extrema with 〈δ1〉 = 〈ηi〉 = 0, whilst setting 〈h〉 = v, 〈δ0〉 = 0, 〈χ〉 = x. Note
that the symmetry of these vevs is{((
λ 0
0 λ∗
)
,
(
λ∗ 0
0 λ
)
,
(
λ∗ 0
0 m
))
: λ ∈ U(1),m ∈ SU(3)
}
⊂ SU(2)R × SU(2)L × SU(4)
In other words, SU(2)R × SU(2)L × SU(4) is broken by the above vevs to
U(1)× SU(3).
The first derivative of V vanishes for these vevs precisely if
2v(w2λHΣ + 2v
2λΣ − µ2) = 0,
4x3λΣ − 2xµ2 = 0,
4w(2w2λH + v
2λHΣ − ν2) = 0.
This gives rise to the fine-tuning of v, w as in [16]:
w2λHΣ + 2v
2λΣ − µ2, 2w2λH + v2λHΣ − ν2
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choosing µ and ν such that the solutions v, w are of the desired orders.
Moreover, we find that the vev for χ either vanishes or is equal to x =√
µ2/2λΣ. Note that this latter vev appears precisely at the entry k
dh (or
keh) of the finite Dirac operator, which we have disregarded by setting ρ = 1.
If 〈χ〉 = x = 0 then the Hessian is (derivatives with respect to h, χ, δ0, δ1, η): 8v
2λΣ 0 8vwλHΣ 0 0
0 −2w2λHΣ−4v2λΣ 0 0 0
8vwλHΣ 0 32w
2λH 0 0
0 0 0 −2v2λHΣ 0
0 0 0 0 −8λHw2−2v2λHΣw213

where the 13 is the identity matrix in colour space, corresponding to the
η-field. This Hessian is not positive definite so we disregard the possibility
that 〈χ〉 = 0.
If x =
√
µ2/2λΣ then the Hessian is
8v2λΣ 0 8vwλHΣ 0 0
0 4w2λHΣ+8v
2λΣ 0 0 0
8vwλHΣ 0 32w
2λH 0 0
0 0 0 w2
λ2HΣ
λΣ
0
0 0 0 0 w2
λ2HΣ−8λHλΣ
λΣ
13

which is positive-definite if
λ2HΣ ≥ 8λHλΣ. (54)
Note that this relation may hold only at high-energies. The masses for χ,
δ1 and η are then readily found to be:
m2χ = 4w
2λHΣ + 8v
2λΣ,
m2δ1 = w
2λ
2
HΣ
λΣ
,
m2η = w
2λ
2
HΣ − 8λHλΣ
λΣ
.
Under the assumption that v2 ≈ 102 GeV, w2 ≈ 1011 GeV we have m2χ ≈
1011 GeV and m2δ1 ,mη ≈ 1011 GeV.
The (non-diagonal) h and δ0 sector has mass eigenstates as in [16]:
m2± = 16w
2λH + 4v
2λΣ
± 4
√
16w4λ2H + v
4λ2Σ + 4v
2w2
(
λ2HΣ − 2λHλΣ
)
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Under the assumption that v2  w2 we can expand the square root:
4
√
16λ2Hw
4
(
1 +
λ2Σ
λ2H
v4
w4
+
λ2HΣ − 2λHλΣ
4λ2H
v2
w2
)
≈ 16λHw2
(
1 +
λ2HΣ − 2λHλΣ
8λ2H
v2
w2
)
= 16λHw
2 +
2λ2HΣ
λH
v2 − 4λΣv2.
Consequently,
m+ ≈ 32λHw2 + 22λ
2
HΣ
λH
v2,
m− ≈ 8λΣv2
(
1− λ
2
HΣ
4λHλΣ
)
.
which are of the order of 1011 and 102 GeV, respectively. This requires that
we have at low energies
4λHλΣ ≥ λ2HΣ, (55)
which fully agrees with [16] when we identify δ0 ≡ σ and with the couplings
related via
λH =
1
4
λσ, λHΣ =
1
2
λhσ, λΣ =
1
4
λh
Note the tension between Equations (55) and (54), calling for a careful
study of the running of the couplings in order to guarantee positive mass
eigenstates at their respective energies.
We have summarized the scalar particle content of the above model in
Table 1. In terms of the original scalar fields φba˙ and ∆a˙I the vevs are of the
following form: (
φba˙
)
=
(
v 0
0
√
µ2/2ΛΣ
)
(
∆a˙I
)
=
(
w 0 0 0
0 0 0 0
)
.
This shows that there are two scales of spontaneous symmetry breaking: at
1011 − 1012 GeV we have
SU(2)R × SU(2)L × SU(4)→ U(1)Y × SU(2)L × SU(3)
and then at electroweak scale (both v and µ) we have
U(1)Y × SU(2)L × SU(3)→ U(1)Q × SU(3)
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U(1)Y SU(2)L SU(3)(
φ01
φ+1
)
=
(
φ1
1˙
φ2
1˙
)
1 2 1(
φ−2
φ02
)
=
(
φ1
2˙
φ2
2˙
)
−1 2 1
δ0 0 1 1
δ1 −2 1 1
η −23 1 3
Table 1: Scalar particle content with SM-representations
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